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Abstract
We will analyse the effect of time-dependent strain on a sheet of graphene by using the field
theory approach. It will be demonstrated that in the continuum limit, such a strain will induce a
non-abelian gauge field in graphene. We will analyse the effective field theory of such system near
the Dirac points and study its topological properties.
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1 Introduction
Graphene is by far the most investigated two-dimensional material both on theroitical and experi-
mental frontiers with wide applications which bridge condensed matter to quantum mechanics when
seen in the prespective of physics [1] because of its remarkable emergent properties owning to different
nanoscale phenomena which take place in its lattice. One such aspect is the nanomechanics ,where the
most important contribution is that of the strain which is a natural phenomena that can appear under
different mechanism in graphene systems and therefore affecting its topology . For example, graphene
when grown on a surface usually experiences a moderate strain due to the surface corrugations of the
substrate [2] or the strain can aslo be developed when the graphene lattice is not complimentary to
the substrate on wheich it is grown [3]. This can bring about the variations in the physical properties
of the low dimensional systems and in this case the electronic properties are affected which again can
pave a way to develop various applications .
The effective field theory describing graphene is a massless fermionic theory in three dimensions [1],
which has also been verified experimentally [4, 5]. In such theory, the deterministic step is that the
velocity of light c is replaced by Fermi velocity vF ≈ c300 . It has been showed that a sheet of graphene
when under strain induce the effective non-abelian gauge field [6, 7], which occur in the continum
limit of the standard tight binding approach. This is because the spin connection of the graphene
deformed metric can be related to the non-abelian gauge field. The strain in graphene sheets effects
the Landau levels due to induced gauge fields [8] and it can be comprehended that these gauge fields
have a role to play in the physical behavior of graphene lattice . It has been reported that the time-
dependent strain in graphene has been used to investigate the topological electric current [9] and has
also been used to obtain the fractional topological phases in its two dimensional arrangement [10].
It is expected that the time-dependent strain will induce a three dimensional non-abelian gauge field
theory in a deformed sheet of graphene, and we will construct such a theory in the present work. It
may be noted that interesting deformations of graphene have been studied using Dirac equation in
curved spacetime [12]- [15]. Thus, it is possible to analyse graphene using the Dirac equation in curved
spacetime, which produces an effective gauge field in it.
Motivated by different developments on the subject cited above, we will analyse the gauge theory
induced by a time-dependent strain in graphene. As the strain will be time-dependent, we shall
consider the dynamics of the non-abelian gauge field and hence introduce its kinetic term. It is possible
to analyse geometry of curved spacetime by using the translation group as a gauge group [16]- [17] or
Lorentz group as a gauge group [18]. These will be done by considering the metric of spacetime for
the effective field theory describing the strained graphene and introducing a transformation in terms
of the Lorentz group generators SO(2, 1).
The present paper is organized as follows. In section 2, we review some relevant tools that include
the tight-binding and the continuum models as a mathematical framework to describe the graphene.
In section 3, we construct our effective theory describing the strained graphene in terms of the non-
abelian gauge field based on deformed spacetime. The topological properties of the strained graphene
will be done in section 4 where the instanton solutions will be obtained numerically. Finally, we
conclude our work and give some outlooks.
1
2 Basic model
Revisiting the basic information [5], the graphene sheet is a two-dimensional system made up of
carbon atoms, which are arranged in an hexagonal honey comb structure. This arrangement is a
triangular lattice with a basis of two atoms per unit cell where the lattice vector for this structure
are a1 =
a
2
(
3,
√
3
)
,a2 =
a
2
(
3,−√3) , and the carbon-carbon distance is a ∼ 1.42A˚. The reciprocal
lattice vector for this structure are b1 =
2pi
3a
(
1,
√
3
)
,b2 =
2pi
3a
(
1,−√3) . The two points at the corners
of graphene Brillouin zone are given by
K =
(
2pi
3a
,
2pi
3
√
3a
)
, K ′ =
(
2pi
3a
,− 2pi
3
√
3a
)
(1)
which are called the Dirac points. The three nearest neighbor are located at
δ1 =
a
2
(
1,
√
3
)
, δ2 =
a
2
(
1,−
√
3
)
, δ3 = −a (1, 0) (2)
and the six next to the nearest neighbors are located at
δ1 = ±a1, δ2 = ±a2, δ3 = ± (a1 − a2) . (3)
The electrons in the graphene can be described by the tight-binding approach where the electrons
can hop to both nearest and next to the nearest atoms. Now the Hamiltonian for this system can be
represented by
H = −t
∑
(a†σbσ + h.c)− t′
∑
(a†σaσ + b
†
σbσ + h.c.) (4)
where σ denotes the spin, t ∼ 2.8eV is the hopping energy to the nearest neighbor, and t′ is the
hopping energy to the next to the nearest neighbor. The energy bands for this Hamiltonian can be
written as [25]
E± = ±t
√
3 + f(k)− t′f(k) (5)
and f(k) is a function of the wave vector
f(k) = 2 cos
√
3(kya) + 4 cos
(√
3
2
kya
)
cos
(
3
2
kxa
)
. (6)
Now expanding (5) around the Dirac point k = K+q (similarly for K ′) to obtain the linear dispersion
relation [25]
E± ∼ ±vF|q| (7)
where the Fermi velocity is vF =
3ta
2 . Here the velocity Expanding the operator in δi = δ1, δ2, δ3, and
using the approximation ∑
i
exp (±Kδi) =
∑
i
exp
(±K ′δi) = 0 (8)
to obtain the Hamiltonian near it in the continuum limit making the Hamiltonian for this system
HK = vF(σxpx + σypy) (9)
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which is the usually denoted as Dirac Hamiltonian, with the velocity of light replaced by the Fermi
velocity [26]. Now from this Hamiltonian, the effective field theory action describing graphene, in the
continum limit, can be demonstrated as [26]
Seff =
∫
d3xψ¯(iγµ∂µ)ψ =
∫
d3xψ¯i(γi∂iψ − vFγ0∂0ψ)ψ. (10)
Having reviewed most of the fundamentals needed to describe the graphene system, it shall be in
lieu of our interest to witness as to how the deformation in terms of strains in graphene will effectuate
the above results . More precisely, we would construct the possible implication of a deformed spacetime
in a strained graphene.
3 Strained graphene
As reported , there are different experimental ways to realise the strain effect in graphene. curved
spacetime. The metric for the effective field theory of a sheet of graphene under strain can be repre-
sented by [27]
ds2 = dt2 − gij(x, y)dxidxj . (11)
It may be noted that in (2+1)d-spacetime, the Riemann tensor has only one independent component,
which is proportional to the Gaussian curvature. So, we can represent the metric for strained graphene
as [28]
ds2 = dt2 − e2σ(x,y)dx2 − e2σ(x,y)dy2. (12)
So, the effect of strain on graphene is represented by a single function, σ(x, y). However, it is also
possible to take a time-dependent strain in graphene. In fact, time-dependent strain in graphene has
been used to analyse the a topological electric current in graphene [9] and also to obtain fractional
topological phases in graphene [10]. Now we can use the general consideration that the system does
not contain terms which mix spatial and temporal coordinates, such as dtdx and dtdy, and written a
general time-dependent version of the metric for strain in graphene, without such terms. So, if σ(x, y, t)
is a general function of time, then the metric describing graphene with time-dependent strain can be
written as
ds2 = dt2 − e2σ(x,y,t)dx2 − e2σ(x,y,t)dy2. (13)
It may be noted that here we have not specified the form of σ(x, y, t), and kept it very general. Now
the time can be corroborated as complex in terms of τ = it to obtain the new form for the metric
ds2 = −dτ2 − e2σ(x,y,τ)dx2 − e2σ(x,y,τ)dy2. (14)
To go further, we need to to introduce the following transformation xa −→ xbΛab . This allows a
fermion in three dimension to transform as
ψ −→ Uψ = exp
(
i
2
Λab(x)Σab
)
ψ (15)
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where Σab describes the generators of Lorentz group SO(2, 1), for (t, x, y), and it can be represented
as Σab = −i[γa, γb]/4. However, after complex equation, when (τ, x, y), is used , the generators emerge
as SO(3). To obtain the geometry of a sheet of graphene using this transformation, the metric is
defined as gµνe
µ
aeνb = ηab, and ω
ab
µ be allowed to represent the spin connection associated with it. So,
using the explicit expression for this spin connection ωabµ [11], we could define an effective non-abelian
gauge field as
Aµ = ω
ab
µ Σab = [2e
νa∂µe
b
ν − 2eνb∂µeaν − 2eνa∂µebν + 2eνb∂νeaµ
+eµce
νaeρb∂ρe
c
ν − eµceνaeρb∂νecρ]Σab. (16)
In line with above equations , the covariant derivatives of effective non abelian guage field can be
elucidated as
Dµ = ∂µI +
i
2
Aµ. (17)
The gauge field (16) obtained from the spin connection transforms under SO(3) as
Aµ −→
[
UωµU
−1 − (∂µU)U−1
]ab
=
[
UAµU
−1 − (∂µU)U−1
]ab
. (18)
Now the effective field theory of graphene under strain can be written as
Seff =
∫
d3xeψ¯ (iγaeµaDµ)ψ
=
∫
d3xeψ¯
(
iγaeµa
(
∂µI +
i
2
Aµ
))
ψ
=
∫
d3xe2σ(x,y,τ)ψ¯
(
iγaeµa
(
∂µI +
i
2
ωabµ Σab
))
ψ (19)
which is invariant under the SO(2, 1) gauge symmetry. It is possible for the strain to fluctuate in time
. In order to analyse its effect the kinetic part of this effective non-abelian gauge theory has to be
calculated keeping in view that the detailed study of electronic and mechanical properties of graphene
have been already accomplished . [19,20]. In fact, it has been proposed that the strain can be used to
generate large effective gauge fields, which can have direct consequences on the electronic properties
of graphene [21,22]. which can be harnessed to develop quantum electronic pump based applications
based on this proposal [23,24].
An important property for the above strain is that the covariant derivatives do not commute when
present in a sheet of graphene. In fact, the commutator of these two covariant derivatives can be
expressed as
iF abµνΣab = [Dµ, Dν ] = T
c
µνDc +
i
2
RabµνΣab. (20)
If it is assumed that there is no contribution pertaining to the torsion T cµν term, T
c
µν = 0, then the
commutator of two covariant derivatives for graphene can be expressed using the Riemann tensor as
iF abµνΣab = R
ab
µνΣab
= ∂µAν − ∂νAµ + [Aµ, Aν ]. (21)
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The curvature tensor transforms as
iF abµν = R
ab
µν → [U ]acRcdµν [U−1]bd
= i[U ]acF
cd
µν [U
−1]bd. (22)
As the strain is time dependent, it changes with time, which necessitates the introduction of a Kinetic
term for the gauge field produced by strain. The simplest action, that can produce dynamics, without
higher derivative ghost states, is the Yang-Mills action. Then, the Kinetic action for the gauge fields
produced by strain can be written as
Sg = − 1
4g2
∫
d3xe Tr(FµνFµν) (23)
=
1
4g2
∫
d3xe2σ(x,y,τ)
 2( ∂2
∂τ2
σ (x, y, τ) +
(
∂
∂τ
σ (x, y, τ)
)2)2
+
(
∂2
∂y2
σ (x, y, τ) + ∂
2
∂x2
σ (x, y, τ) +
(
∂
∂τ σ (x, y, τ)
)2
e2σ(x,y,τ)
)2
(
e2σ(x,y,τ)
)2
−e2σ(x,y,τ)
(
∂2
∂y∂τ
σ (x, y, τ)
)2
− e2σ(x,y,τ)
(
∂2
∂x∂τ
σ (x, y, τ)
)2]
,
where g is a suitable constant describing this theory, where physically denotes the strength by coupling
the fluctuations in the geometry to the effective field theory describing fermions in graphene under
strain. Now the effective field theory for system can be stated as
St = Seff + Sg (24)
which is the effective field theory of a sheet of graphene under time dependent strain, such that the
dynamics is associated with the strain.
4 Topological properties
In view of the above effective field theory ,there is a possibility to study its implications regarding the
topological properties of graphene. It may be noted that topological defects have been observed in
graphene [29]- [34]. In fact the bosonic symmetry protected topological state has been used to study the
transport in graphene. The instanton tunneling is important to understand the shot noise measurement
for such topological state in the strong interaction limit [35] with respect to the instanton solution
and the in-gap fluctuation states in biased bilayer graphene [36]. Therefore, it will be interesting to
understand the behavior of the instanton solution of the action Sg. We can complexify time, and
with such Euclidean time, our theory can be analyzed as a theory on a three dimensional manifold M
with Euclidean signature with a discussion about the topological properties of the instanton for this
manifold.
Since the action is in fact an Euclidean action, the instanton solution is divided into two compo-
nents, the self-dual and anti self-dual solutions.
Fµν = ± ∗ Fµν (25)
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with ∗ denoting the hodge star operator. Using the explicit expression for Fµν from (21), it is found
to have three independent components:
Fτx =
1
2
(
e2σ(∂τσ)
2 + ∂2yσ + ∂
2
xσ
)
[γτ , γx] (26)
+
1
2
(∂τ∂yσ)[γτ , γy] +
1
2
(∂τ∂xσ)[γx, γy]
Fτy =
1
2
(∂τ∂yσ)[γτ , γx] +
1
2
(
(∂τσ)
2 + ∂2τσ
)
[γτ , γy] (27)
Fxy =
1
2
(∂τ∂xσ)[γτ , γx] +
1
2
(
e2σ((∂τσ)
2 + ∂2τσ)
)
[γx, γy]. (28)
The self-dual (instanton) solution, yields the following differential equations
e2σ(∂τσ)
2) + ∂2yσ + ∂
2
xσ = −(∂τ∂yσ)− (∂τ∂xσ) (29)
(∂τ∂xσ) = −e2σ((∂τσ)2 + ∂2τσ) (30)
(∂τ∂yσ) = (∂τσ)
2 − ∂2τσ. (31)
Substituting the LHS of (30) and (31) in (29), to end up with the partial differential equation for the
strain function σ(τ, x, y) for the instanton
(1 + e2σ)∂2τσ + (∂τσ)
2 + ∂2xσ + ∂
2
yσ = 0 (32)
as well as the differential equation for the anti-instanton solution
(1− e2σ)∂2τσ − (∂τσ)2 + ∂2xσ + ∂2yσ = 0. (33)
These PDE’s can be solved for different boundary conditions, depending on the characteristics of
the graphene under consideration. For example, if the Dirichlet boundary conditions are introduced
on the 3D Euclidean plane, letting σ(τ = 0, x, y) = 0 and ∂τσ(τ = 0, x, y) = 0, the instanton and
anti-instanton solutions, near τ ≈ 0, become
2∂2τσ + ∂
2
xσ + ∂
2
yσ = 0 (34)
∂2τσ + ∂
2
xσ + ∂
2
yσ = 0 (35)
which can be solved numerically, see Figure 1:
We can complexify time, and with such an Euclidean time, this theory can be analyzed as a theory
on a three dimensional manifold M with Euclidean signature, such as
SEg = ∓
1
2g2
∫
M
Tr (F ∧ F) . (36)
We can now discuss the topological properties of the instanton for this manifold. It is possible to
compactify M into a closed surface, M ′ by assuming a characteristic length L and periodic boundary
conditions, such that x −→ L [40]. Now for this compact manifold, we have
Aµ = U(x)
−1∂µU(x) (37)
where U(x) are elements of the SO(3) gauge symmetry. By this compactification and Poincare lemma,
we can write F 2 as an exact form
TrF2 = dK (38)
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Figure 1: Plot of the instanton (left) and anti-instanton (right) solutions for σ(τ, x), near τ = 0. Here
we reduced the dimensions by suppressing the y dependence, and plotted the behavior of the function
strain function, with respect to x and τ .
and K is a local three form, which implies that TrF2 is an element of the cohomology group H3(M ′).
Moreover, it is possible to write K as a Chern Simons form [41]
K = Tr
(
A dA+
2
3
A2
)
. (39)
Now by using the Stokes theorem, we can write the action (36) after compactification as
SEg = −
1
4g2
∫
∂M ′
Tr
(
A3
)
. (40)
For the instanton solution, we have the expression for the gauge field A in terms of the mappings
U : S2 −→ SO(2, 1). Then the above integral is reduced to the degree of that mapping divided by the
area of the unit S2
1
6pig2
∫
∂M ′
Tr
(
A3
)
=
n
g2
(41)
which can be rewritten as
1
2
∫
M ′
Tr
(
iF
2pi
)2
. (42)
By using the definition of the field strength tensor in terms of the Riemann curvature given in (21),
the above integral reduces to the Euler characteristic of the compactified manifold M ′ [42, 43]
1
2
∫
M ′
Tr
(
iF
2pi
)2
=
1
8pi2
∫
M ′
Tr (R ∧R) = χ(M ′). (43)
Hence, we observe that the degree of the mapping corresponding to instanton solution is proportional to
a topological invariant of the theory. Therefore, it is possible to classify corrugated sheet of graphene
under dynamic time dependent strain by using these topological instantons. It clear that, these
topological instantons can produce measurable effects.
7
5 Conclusion
Using the field theory approach, a sheet of graphene was analysed with a time-dependent strain.
The spin connection of this theory was used to obtain a non-abelian gauge field. As the strain was
time-dependent, the kinetic term for this effective non-abelian gauge theory was also considered which
motivated the study of the topological properties of the system of interest given its deformations
and shows that the topological instantons could map the considerable effects as the result of such a
proposed study. There are various interesting deformations of the effective field theory of graphene,
and these can be analysed using various interesting and equally effective geometries. The surface of
revolution with constant negative curvature has been constructed using graphene [37]. We investigated
the instanton solution for the effective Yang-Mills theory, and analyzed the Euler characteristic of such
a sheet of graphene.
It is possible to analyse the analogous black hole like solution in the effective field theory describing
graphene [38], using a BTZ (Banados Teitelboim Zanelli) [39]- [44] like metric. It may be noted that
this is only an effective solution and in which the velocity of light is replaced by the Fermi velocity.
Thus, just as a real black hole forms the horizon for light, these analogous black hole like solutions
form effective horizons for Fermi velocity. It has been demonstrated that a deformed sheet of graphene
can also be analysed using negative constant curvature in an externally applied magnetic field, which
can be done by using a stationary optical metric of the Zermelo form that is conformal to the BTZ
black hole [38]. Thus, interesting analogous geometries have been studied using the effective field
theory of graphene. Therefore, an analogous black hole like solution can form in a deformed sheet
of graphene. However, it is known that the usual black hole physics leads to the existence of the
generalized uncertainty principle [45]- [46]. It would be interesting to analyse this relation between
analogous black holes in graphene and generalized uncertainty principle which would further develop
investigations at the crossroads of physics pertaining to photonics and optoelectronic applications.
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